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DISTRIBUTIONS OF LOAD STRESSES AND
RESIDUAL STRESSES AT NOTCHES

Soon-Bok Lee*

(Received June 1, 1992)

The fatigue strengh reduction factor Kf can be mitigated or eliminated by suitable surface treatments. Analysis of these effects
requires the knowledge of the distributions of load stresses and of residual stresses below the surface of notches. This paper
describes a simple, approximate formula to determine load stress distributions and residual stress distributions at notches. The load
stress distributions by the present approach were compared with finite element analysis under tension, bending and torsion loading.
Residual stress distributions by the simple formula were compared with measured data by shot peening. An example of optimiza­
tion in surface treatments by such analysis is shown.
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at notches. It is common practice to relate the fatigue behav­
ior of notched parts to the available material data referred to
smooth specimens or cracked fracture mechanics specimens.

1.1 The Fatigue Strength Reduction Factor
The theoretical stress concentration factor K, can be

obtained by various analytical and experimental methods or
from the literature (Peterson, 1974). It can serve as a first
approximation for calculating the fatig'-!e strength of notched
parts at fully reversed stresses and long life from the fatigue
strength of smooth specimens. The fatigue notch factor (or
fatigue strength reduction factor) Kf relates the obvserved
behavior of the notched specimen to the data obtained from
smooth specimens. Neuber(1946) and Peterson(1974) have
correlated the difference between Kf and K, with the stress
gradient. Their formulas relate the stress gradient to the
notch radius, regardless of the notch geometry. Siebel and
Stieler(1955) have published more detailed data on stress
gradient. Schijve(1980) has discussed those formulas and the
gradient problem. Berkovitas(1986) discussed the variation of
Kf with life time, stress ratio and temperature.
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1. INTRODUCTION

a,b,c : Constants in the load stress distribution
d : Total depth to which the compressive residual stress

extends (mm)
D : Diameter, Large diameter of filleted shaft (mm)
Kf : Fatigue strength reduction factor, fatigue notch fac-

tor
K, : Stress concentration factor
n : Exponent in the load stress distribution
Nf : Number of cycles to failure
r : Radius of fillet or semi-circular notch (mm)
R : Radius of shaft (mm)
x : Distance from notch root (mm)
w : Half width of fillet or notch in their narrow section

(mm)
7) : Distance from surface to the point where stress

gradient at the surface meets the x-axis (mm)
aa : Alternating stress (MPa)
aeq : Equivalent stress (MPa)
a/ : Fatigue strength coefficient (MPa)
aF : Fatigue strength (MPa)
aL : Load stress at point x (MPa)
am : Mean stress (MPa)
aN : Net stress (Mpa)
ao : Nominal stress (MPa)
aR : Residual stress (MPa)
aR.? : Maximum compressive residual stress or peak com-

pressive stress (MPa)
c; : Half width of the notch in plates or the radius at the

narrow section of shafts (mm)

NOMENCLATURE----------

Fatigue cracks in structures and components usually start

·Department of Mechanical Engineering, Korea Advanced Insti­
tute of Science & Technology, Taejon 305-701, Korea

Mean Stress (MPa)

Fig. 1 Fatigue notch factor versus mean stress for 7075-T6
aluminum bar at 10' cycles



DISTRIBUTIONS OF LOAD STRESSES AND RESIDUAL STRESSES AT NOTCHES 133

From the available data (MIL-HDBK-5C, 1976, Fuchs, 1972)
it was found that notch factor Kf depends not only on Kt and
the stress gradient but very strongly on the mean stress.
Tensile mean stress can raise the notch factor Kf far beyond
the stress concentration factor K t • Compressive mean stress
can eliminate the notch effect. Fig. 1 shows the long life
notch factor for a bar with Kt = 3.4 plotted as a function of
the mean stress. Similar behavior of many materials have
been shown by Walker(1970) and Smith et al.(1970). They
indicate that fatigue cracks will not grow unless tensile stress
is present during some part of the load cycle.

1.2 Strength Enhancement
It has been long known that failures of notched parts can be

prevented by certain treatments such as nitrifying, carburiz­
ing, surface rolling, or shot peening. Research has shown that
the beneficial effect of such treatments depends in large part
or entirely on the compressive stresses produced in an shal­
low surface layer (Almen and Black, 1963). These residual
stresses prevent fatigue cracks from growing beyond a small
depth (Gerber and Fuchs, 1970). To analyze the action of the
beneficial surface treatments and to optimize their applica­
tion it is necessary to know the distributions of these residual
stresses and of the load stresses. This was expressed as early
as 1961 by Peterson(1961). With computers available today
the consideration of stress distribution is more readily fea­
sible than it was earlier.

2. LOAD STRESS DISTRIBUTIONS
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Fig. 2 Definition of ,., in a notched shaft or in a notched plate
';=R for shafts and ';=w for plates

Table 1 Stress gradient intercept 1/ for various type of
notched specimen and loading

2.1. An Analytical Approach for Load Stress Distribu­
tions

The distributions of load stresses may be known, as for

thick walled tubes and for holes in wide plates, or they may
be computed by finite element methods. For many applica­
tions it is sufficient to approximate the load stress distribu­
tion by the formula

where (50 is the nominal stress at the notch root, .; is the half
width of the notch in plates or the radius at the narrow
section of shafts, i.e., .; = w for plates and .; = R for shafts.
The four parameter a, b, c, n in Eq. (1) are calculated to
match the stress concentration factor and stress gradient at
the surface, and equilibrium with the nominal stress distribu­
tion, and stress condition at the center. These calculated
parameters are shown in the appendix for various notches
and fillets in terms of stress concentration factors Kt and
stress gradient intercept TJ and notch geometry. Fig. 2 defines
the coordinates at notches and stress gradient intercept TJ.
The stress gradient intercept TJ, which is the distance to the
point where the slope of the stress distribution meets the
x-axis, is obtained as

(2)
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Stress concentration factors for many notch geometries are
available in the literature (Peterson, 1974); stress gradients
for a few notch geometries are shown in Table 1 based on the
available data (Siebel and Stieler, 1955) in terms of the length
1/ which is defined in Fig. 2. Information on load stress
distributions can thus be obtained.

2.2 Finite Element Analysis
Finite element analysis was performed to obtain the load

stress distributions for the plates or shafts with semi-circular
notches and quarter circular fillets and under various load­
ings. In the load stress distributions, stress concentration
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(b)

Fig. 3 (a) Finite element model of a notched plate with r/w=l
(b) Loading conditions on the notched shaft for the finite

element analysis
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semi-circular notches under torsion and bending and tension,
and for a plate with semicircular notches under tension were
in good agreement with the formula of Roark and
Young(1975). Fig. 4 shows an example of such comparisons.
The results of finite element analysis on 11 for a shaft with
semi-circular notches under torsion and bending, and plates
with a notch or a fillet in tension are shown in Fig. 5 and they
are compared with the formula suggested by Siebel and
Stieler(1955) quoted by Klesnil and Lukas(1980). For quarter­
circular fillets in plates the ratio of the intercept 11 to the
notch radius is no longer constant when the ratio of notch
radius to fillet width becoms small. The same is true for
semi-circular notches in plates, as shown in Fig. 5.

Fig. 6 shows the comparisons of load stress distributions
by Eq. (1) with the finite element analysis for semi-circular
notches (r/w=l) in the plate and shaft under tension, and the
shaft under torsion. Load stress distributions by the analyti·

TorsionBending

(a)

Tension

factor, K, and stress gradient intercept 11 were obtained with
finite element methods. Relative stress gradients of quarter­
circular fillets and semi-circular notches were obtained by
calculating the slope with two data points of finite element
results near the surface.

For the analysis of plates with semi-circular notches in
tension, two dimensional multi-node isoparametric solid ele­
ments were used. Analysis was performed for various normal­
ized notch radius (i.e., r/w=O.l, 0.125, 0.167, 0.2, 0.333, 0.5, O.
667,0.833, and 1.0). Fig. 3(a) shows the finite element model of
a notched plate with r/w = 1 and Fig. 3(b) shows the loading
conditions on the notched shaft for the finite element analysis
under tension, bending and torsion. Since the shaft is an
axisymmetric shape, and the tensile load is also axisym­
metric, 2-D multi-node isoparametric solid elements were
used for the finite element analysis under tension. Bending or
torsion loadings on shafts are the non-axisymmetric load on
an axisymmetric model. The plane finite element model as
shown in Fig. 3(a) and axisymmetric two dimensional solid
elements were used for the analysis under bending and tor­
sion.

The results of finite element analysis on K, for a shaft with

Normalized Notch Radius, r/w

(a) Notched shaft under bending
(b) Notched shaft under torsion
(c) Plate with a notch or a fillet in tension

Fig. 5 Comparison of FEM results and formula taken from
Table 1 for stress gradient intercept 11 of various notches
and loadings

:£ 3.0

~

B • FEMg 2.5 - Theory
~

=0
'.;j
ro 2.0
.l:l
=(1)
u

= 1.50
U

rJJ
rJJ
(1)

.l:l 1.0en v.O 0.2 0.4 0.6 0.8 1.0

Nonnalized Notch Radius, rIR
Fig. 4 Stress concentration factors for the shaft with semi­
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Fig. 7 (a) Maximum compressive residual stress versus ultimate
tensile strength and hardness (Shot peening Applica­
tions, 1980)

(b) Depth of compressive layer versus peening intensity,
A and C indicate the Almen Intensity Scale (Fuchs,
1981)
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(a) Notched plated under tension
(b) Notched shaft under tension
(c) Notched shaft under torsion

Fig. 6 Comparisons of load stress profiles between Eq. (1) and
finite element result

cal approach were in good agreements with the finite element
analysis.

3. RESIDUAL STRESS DISTRIBUTIONS

The knowledge of the distributions of residual stresses
from overloads, thermally induced residual stresses, and
mechanically induced residual stresses is impoprtant to
obtain the optimal beneficial effects by surface treatments.
Information on residual stress distributions is more difficult
to find. Only residual stresses produced by overloading can be
computed from the loads, the geometry, and the material
properties (Gerber and Fuchs, 1970, Heller et al.,1964, Under­
wood and Kendall, 1984,Dietrich and Potter, 1977). The
distributions of residual stresses produced by thermal treat­
ments are very important but difficult to compute and rarely

published (Horger, 1950, Mattson & Robinson, 1965, Sharma
et a!., 1979, Vasilakis, 1986).

Distributions of mechanically produced residual stresses
are not quite so rare. Good examples are the work by
Niku-Lari(1981) and Fucl-js(1984, 1987), the report by Bro­
drick(1955).

Fatigue strength improvement by shot peening has been so
far an experimental nature. The analytical approach involve
very complicated procedure. Almen intensity is not sufficient
measure for shot peening, a plastic height by shot peening and
many other parameters are needed to find the residual stress
distributions analytically (Al-Hassani, 1981). However, for
the first approximation Fuchs(1988) assumed that these
distributions are parabolic, with the peak of the parabola at
1/4 of the total depth to which the compressive stress
extends; that this depth is equal to the width of the impression
created by the peening balls or by rollers; and that the peak
compressive stress equals half of the strain hardened yield
strength. According to the assumption, the residual stress
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Fig. 10 Comparisons between Eq.(3) and data on dimensionless
residual stress distributions of Titanium alloys after shot
peening.[IJ:(Leverant, G.R.,1979), [2J : (Braski,D.N.,1966)
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lent to JIS SNCM8 steel) with two different hardness steel
measured by Brodrick(1955) and residual stress distributions
of 1045 steel (equivalent to SM45C carbon steel) with two
different hardness measured by Lauchner(1974) are shown in
Fig. 8. Residual stress distribution was normalized by the
peak compressive stress. Fig. 9 shows the dimensionless
residual stress distributions of aluminum alloys measured by
Waisman(1952) and Niku-Lari(1984) and their comparisons
with the Eq. (3). Fig. 10 shows the dimensionless residual
stress distributions of titanium alloys measured by Lever­
ant(1979) and Braski(1966) and their comparisons with the Eq.
(3). As shown in Figs. 8, 9, and 10, various experimental data
validated the Eq. (3) as a good formula for the residual stress
distribution. Since the depth of compressive stress and the
peak compressive stress are available in the literature (Bro­
drick, 1955) and Fig. 7(a) and Fig. 7(b), the residual stress
distribution by shot peening can be obtained by Eq. (3).

At notches these residual stresses are also concentrated,
but less than the load stresses, as shown by Todd(1971). This
stress concentration is usgally neglected.

4. APPLICATIONS AND DISCUSSIONS

distributions by shot peening can be written as following

O'R=O'R.P[1- (4x/~-l)2] (3)

where O'R,P is the maximum compressive residual stress or
peak compressive stress, d is the total depth to which the
compressive stress extends, and x is same as in Fig. 2.

Fig. 7(a) shows the maximum compressive residual stress
versus ultimate tensile strength and hardness and Fig. 7(b)
shows the relation between the peening intensity and the
depth of compressive residual stress for several materials.

Residual stress distributions of various metals after shot
peening are compared with the residual distribution by the
empirical formula of Eq. (3). Fig. 8 shows the comparisons
between Eq. (3) and data on dimensionless residual stress
distributions of steels after shot peening. Residual stress
distributions of 4340 steel (Ni-Cr-Mo alloy steel and equiva-

4.1 Strength Enhancements by Optimizing the Prestress
Treatments

Fig. 11 shows distributions of bending load stress, of shot
peening residual stress, of the net stress, and of the local
fatigue strength along the depth of the filleted shaft of AISI
4340 steel. The fatigue limit 552 MPa and the mean stress
coefficient -0.35 were taken from MIL HDBK 5 (1976) for
AISI 4340 3teel. The local fatigue strength can be obtained
from the fatigue limit with the mean stress like effect of the
local compressive residual stress. The net stress is the Sum of
the load stress and the residual stress. The net stress at the
subsurface can be higher than the net stress at surface.
Following set of distributions shown in Fig. 11 is one of many
computed to find the optimum peening intensity.

Load stress: O'L =900[0.9(1- xlR) +1.1 (1- xlR)30·2] (MPa)
Residual stress: O'R=-876[1-(4xI0,38-l)2/9] (MPa)to
x=0.8 rom and balanced by tension below d=0.38 mm.
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Fig. 11 Stress distributions near a shot peened fillet of a shaft in
bending,

that cracks at surface are arrested and cracks at the subsur­
face propagate. Their experimental results can be success­
fully explained with the distributions shown in Fig. 11.

The residual stress affects the fatigue strength of metals in
both crack initiation phase and crack propagation phase. The
compressive residual stress reduces the .crack initiation
because it mitigates or eliminates the fatigue strengh reduc­
tion factor as shown in Fig. 1 and also enhances the fatigue
strength of materials. The compressive residual stress may
arrest cracks by producing compressive net stress under
cyclic loading.

Residual stress will be relaxed under cyclic load stress
(Morrow et aI., 1960) but the relaxation of residual stress will
be negligible if the summation of load stress and residual
stress is below the yield strength. The amount of the relaxa­
tion of residual stress due to the high alternating load stress
are well discussed by Fuchs(1982).

The stresses below the surface of notches are of course
multi-axial. If one wants to consider all three principal stres­
ses one can calculate an equivalent stress for the early of
crack formation, but for crack propagation the largest tensile
stress is still the most suitable criterion.
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Obviously, fatigue cracks only develop where the local load
stress is higher than the local fatigue strength. According to
Fuchs(1988), the criterion for optimum peening intensity is the
equality of risks of failures which start from the surface or
from the interior. This residual stress produced by the shot
peening is high enough to arrest cracks started at the surface
by a high bending load, but not so high that it would start
cracks below the surface where the equilibrating tensile
residual stress decreases the fatigue strength. Cracks starting
at the location A will be arrested by the compressive net
stress near x = 0.15 mm. Cracks starting at the location Bean
propagate inwards.

Fuchs(1988) validated his criterion for optimum peening
intensity by comparing the conventional peening to optimized
peening which was four times as heavy as the conventional
treatment. He verified the much greater fatigue resistance of
parts treated with optimized peening by tests with shot
peened filleted shafts with the large diameter of 25.4 mm, the
small diameter of 20 mm, and fillet radius of 0.9 mm.

4.2 Application to Life Predictions
Fatigue life and failure location of shot peened part can be

predicted by a damage parameter which is incorporated with
material properties, residual stress distributions and load
stress distributions. According to SAE Handbook(1983), the
generally accepted fatigue life equation for the shot peened
parts in high cycle fatigue region can be written as

1

2Nf =( ,aa )" (4)af - a", - aN

where Nf is the number of cycles to failure, aa is the alternat­
ing load stress( = at>, a/ is the fatigue strength coefficiendnt,
a", is the mean load stress, aN is the residual stress and b is the
fatigue strength exponent. The damage parameter is propor­
tional to the ratio of the load stress and the fatigue stength,
Fatigue cracks will start at locations A and B in Fig. 11
where the damage parameter is high because the higher
damage parameter corresponds to the shorter fatigue life.
Starker(1979) et. al reported the subsurface crack initiation
during fatigue as a resulft of residual stresses. They showed

5. CONCLUSIONS

For fatigue strength improvement one should consider the
distributions of the load stresses and of the residual stresses
which may be used to enhance fatigue resistance. A simple
formula for applied load stress distributions at notches was
suggested. Factors in the formula for the load stress distribu­
tions were found with stress concentration factor and stress
gradient and notch geometry. Load stress distributions at
notches obtained by the formula were in good agreement with
the result by finite element methods for plates and shafts with
semi-circular notches under various loadings.

A simple parabolic formula for the residual stress distribu­
tions by shot peening was suggested. The residual stress
distributions by the formula were also in good agreement
with available experimental data. An example of optimum
surface treatments and life prediction with damage parame­
ter by using the proposed stress distributions were shown.
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APPENDIX
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n should be obtained numerically

These factors are good for plates or shafts with semi­
circular notches or quarter-circular fillets with different
values of K, and 1/, which can be obtained by finite element
methods or from the literatures; K, in (Peterson, 1974; Roark
and Young, 1975) and 1/ in (Siebel and Stieler, 1955, Klesnil
and Lukas, 1980).

b=K,-c
c =(K,-l)(n+ 1)/(n-1)
n= {(w/T/-Z)K, +l)}/(K, -1)

• a shaft loaded in tension
a= {(R/T/+Z(l- K,)}/{(R/T/-Z(l-l/K,)}
b=O
c=K,-a
n=Z(K,-l)/(l-a)

• a shaft loaded in torsion

a=O
b=K,-c
c = (K,-lHn+ Z)/(n-1)
n= {(R/T/-3)K, +Z}/(K,-l)

(AZ)

(A3)

(A4)

• a shaft loaded in bending

a=O
c=K,-c
n=(R/T/-1)K,/(n-l) (A5)


